Abstract-In this work, salient characteristics of a wireless communication system deploying a great number of antennas in the base station (BS), namely Massive MIMO system, are investigated. In particular, we found a simple and meaningful relationship that corroborates a fundamental assumption in recent related works: according the number of BS antennas N grows, the product of the smallscale fading channel matrix with its conjugate transpose tends to a scaled identity, with a variability measure inversely proportional to N . Furthermore, analysis of the Massive MIMO system downlink is carried out from a biterror-rate (BER) performance viewpoint, including some realistic adverse effects, such as interference from neighboring cells, channel estimation errors due to background thermal noise, and pilot contamination, which was recently shown to be the only impairment that remains in the MIMO multicell system with infinite number of BS antennas. Our numerical result findings show that, in the same way as with the sum capacity, the pilot contamination also limits the BER performance of a noncooperative multi-cell MIMO system with infinite number of BS antennas.
I. INTRODUCTION
M ULTIPLE-input-multiple-output (MIMO) techniques constitutes one of the key features in most of the recent telecommunications standards, such as WiFi, WiMAX, LTE [1] , [2] , due to the large gains in spectral/energy efficiency they can offer. In particular, multiuser MIMO (MU-MIMO) systems have attracted substantial interest since they can achieve spatial multiplexing gains even when serving single antenna mobile terminals (MT's) [3] . Advantages of MU-MIMO also includes a larger robustness to most of propagation limitations present in single-user MIMO, such as antenna correlation or channel rank loss. Even when the channel state information (CSI) of some users are highly correlated, multiuser diversity can be extracted by efficient J. C. Marinello is an Master of Science candidate at the Electrical Engineering Department, State University of Londrina,. E-mail:
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taufik@uel.br techniques of scheduling the time/frequency resources, yielding to a better exploitation of the additional degrees of freedom (DoF) propitiated by the antenna array at the BS. From an information theoretic point of view, gains of these systems have been demonstrated in [4] .
In order to fully exploit the advantages of MIMO systems, a certain number of recent technical works have been concerned with the possibility of increasing the number of BS antennas N to infinity. While early papers have focused on the asymptotic limits of such systems for pure academic interest, practical issues of implementation are each time more present on the latest papers, maturing the technology and turning it gradually ready to be considered in next telecommunications standards, such as 5G [5] . It was shown in [6] that in a time division duplex (TDD) noncooperative multi-cell MIMO system, that employs uplink training pilots for CSI acquisition, with infinite number of BS antennas, the effects of uncorrelated thermal noise and fast fading are averaged out. The only factor that remains limiting performance in Large MIMO is inter-cell interference, which when associated with the finite time available to send pilot sequences makes the estimated CSI at one BS "contaminated" by the CSI of users in adjacent cells, in the so-called pilot contamination effect. This phenomenon results from unavoidable re-use of reverselink pilot sequences by terminals in different cells. As a consequence of increasing the number of BS antennas to infinity, the transmit power can be designed arbitrarily small, since interference decreases in the same rate of the desired signal power, i.e., signal-to-interference-plusnoise ratio (SINR) is independent of transmit power [6] .
Alternative strategies to achieve better CSI estimates exist, such as a) frequency division duplex (FDD) [7] , in which pilots for CSI acquisition are transmitted in downlink, and fed back to BS in a feedback channel; and b) network MIMO [8] , where CSI and information data of different coordinated cells are shared among them in a backhaul link, creating a distributed antenna array that serves the users altogether. However, both schemes becomes unfeasible when N → ∞, since lengths of forward pilot sequences and capacity of backhaul links increase substantially with N , respectively [6] .
Operating with a large excess of BS antennas com-pared with the number of terminals K is a challenging but desirable condition, since some results from random matrix theory become noticeable [9] , [10] . It is known, for instance, that very tall/wide matrices tend to be very well conditioned, since their singular values distribution appears to be deterministic, showing a stable behavior (low variances) and a relatively narrow spread [11] . This phenomenon is quite appreciable to enhance the achievable rates of such systems. Besides, the most simple uplink/downlink techniques, i.e., maximum ratio combining (MRC) and matched filtering (MF) precoding, respectively, becomes optimal [11] . The savings in energy consumption are also remarkable. In the uplink, it is shown in [12] that the power radiated by the terminals can be made inversely proportional to N , with perfect CSI, or to √ N , for imperfect CSI, with no reduction in performance, propitiating the implementation of very energy-efficient communication systems.
An interesting investigation about precoding techniques to be deployed in the downlink of the noncooperative multi-cell MU-MIMO systems is performed in [13] . Specifically, authors compared MF precoding, also known as conjugate beamforming, and zero forcing (ZF) beamforming, with respect to net spectral-efficiency and radiated energy-efficiency in a simplified single-cell scenario where propagation is governed by independent Rayleigh fading, and where CSI acquisition and data transmission are both performed during a short coherence interval. It is found that, for high spectral-efficiency and low energy-efficiency, ZF outperforms MF, while at low spectral-efficiency and high energy-efficiency the opposite holds. A similar result is found for the uplink in [12] , where for low signal-to-noise ratio (SNR), the simple MRC receiver outperforms the ZF receiver. It can be explained since, for reduced power levels, the crosstalk interference introduced by the inferior maximumratio combining receiver eventually falls below the noise enhancement induced by zero forcing and this simple receiver becomes a better alternative. The analog occurs for downlink.
A more rigorous formula for the achievable SINR in Massive MIMO systems is derived in [14] ; besides, authors discuss an efficient technique for temporally distribute the uplink transmissions of pilot sequences, avoiding simultaneous transmissions from adjacent cells and reducing interference as well, in conjunction with power allocation strategy. The achieved gains in the sum rate are about 18 times, remaining, however, limited to the increasing N . On the other hand, a precoding technique that eliminates pilot contamination and leads to unlimited gains with N → ∞ is proposed in [15] . However, these gains come at the expense of sharing the information data between base stations, what can overload the backhaul signaling channel for high rate systems, or high number of users per cell.
In [16] , the problem of pilot contamination in noncooperative TDD multi-cell systems is also investigated, and authors derived a closed form expression for a multicell minimum mean squared error (MMSE) precoding technique, that depends on the set of training sequences assigned to the users. The technique is obtained as the solution of an objective function consisting of the mean squared error of signals received at the users in the same cell, and the mean squared interference caused at the users in other cells. Hence, achieved gains are resultant of both intra-cell interference and intercell interference reduction, while not requiring excessive sharing of information in backhaul signaling channels.
Many practical difficulties arise when trying to design a BS equipped with a massive number of antennas [11] , such as size limitations, correlation and mutual coupling between antennas 1 , energy consumption of RF circuits, among others. Due to these limitations, some works have investigated the benefits of a high dimensional MIMO system with a limited number of BS antennas [18] , [19] . In [18] it was analyzed to which extent the conclusions of Massive MIMO systems hold in a more realistic setting, where N is not extremely large compared to K. Authors derived expressions of how many antennas per MT are needed to achieve a given percentage of the ultimate performance limit with infinitely many antennas, and showed by simulations that MMSE/regularized zero forcing (RZF) can achieve the ultimate performance of the simple MRC/MF schemes with a significantly reduced number of antennas. An improved network MIMO architecture is proposed in [19] , that achieves Massive MIMO spectral efficiencies with an order of magnitude fewer antennas. The proposed technique combines cooperation among base stations located in small clusters, ZF multiuser MIMO precoding with suitable inter-cluster interference mitigation constraints, uplink pilot signals allocation and frequency reuse across cells.
When considering that user channels are not independent, but correlated, it can be modelled as a finitedimensional channel in which the angular domain is separated into a finite number of distinct directions [20] , or angular bins. This more realistic scenario can be found when BS antennas are not sufficiently well separated, or the propagation environment does not offer rich enough scattering. It is shown in [20] , for the uplink of a noncooperative multicell MU-MIMO, that the system performance with infinite number of BS antennas but a given finite number Ω of angular bins is equivalent to the performance of a uncorrelated system with Ω BS antennas. Indeed, such systems saturates not only due to pilot contamination, but also with the finite dimensionality of the channel. Finally, authors found lower bounds on the capacity of these systems with linear MRC and ZF detectors performed at the receiver side.
In our work, we analytically demonstrate that a fundamental assumption made in most of works cited above holds, i.e., when the number of BS antennas grows, the inner products between propagation vectors for different terminals grow at lesser rates than the inner products of propagation vectors with themselves. In particular, we find that the product of the small-scale fading matrix with its conjugate transpose tends to a scaled identity, with a variance inversely proportional to N . Furthermore, as most of previous works have investigated the noncooperative multi-cell TDD MU-MIMO system under the sumcapacity viewpoint, herein we adopt the bit-error-rate performance as salient figure of merit. Our main result indicates that, in the same way as it occurs with the sumcapacity performance, the BER performance of Massive MIMO systems saturates (BER floor effect) with increasing number of BS antennas N when considering pilot contamination.
II. SYSTEM MODEL
In the adopted MIMO system, it is assumed that each one of L base stations with N transmit antennas communicates with K users equipped with a single-antenna MT. Note that the L base stations share the same spectrum and the same set of K pilot signals. We denote the 1×N channel vector between the ℓ-th BS and the k-th user of j-th cell by g ℓkj = β ℓkj h ℓkj , in which β ℓkj is the longterm fading power coefficient, that comprises path loss and log-normal shadowing, and h ℓkj is the short-term fading channel vector, that follows h ℓkj ∼ CN (0, I N ). Flat fading environment was assumed, where the channel matrix H is admitted constant over the entire frame and changes independently from frame to frame (block fading channel assumption). Note that β ℓkj is assumed constant for all N BS antennas. Since time division duplex is assumed, reciprocity holds, and thus channel state information is acquired by means of uplink training sequences. During a channel coherence interval, the symbol periods are divided to uplink pilot transmissions, processing, and downlink transmission. Using orthogonal pilot sequences, the number of sequences available is equal to its length, and thus, due to mobility of the users, the number of terminals served by each BS is limited. The same set of K orthogonal pilots of length K is used in all cells; hence, for the k-th user of each cell is assigned the sequence
since the sequences are orthogonal, where {·} H is the conjugate transpose operator, and δ kk ′ is the Kronecker's delta, i.e., δ kk ′ = 1 if k = k ′ and 0 otherwise.
In the training phase, assuming synchronization in the uplink pilot transmissions, that is the worst case [6] , we have that the N × K received signal at the ℓ-th BS is:
where ρ j = diag(ρ 1j ρ 2j . . . ρ Kj ), being ρ kj the uplink transmit power of the k-th user of j-th cell, {·} T is the transpose operator,
, and N is a N × K additive white gaussian noise (AWGN) matrix with zero mean and unitary variance; hence, we can define the uplink SNR as SNR UL = ρ kj β jkj .
To generate the estimated CSI matrix G ℓ of their served users, the ℓ-th BS correlates its received signal matrix with the known pilot sequences:
where N ′ is an equivalent AWGN matrix with zero mean and variance a , with √ M representing the modulation order (per dimension) of the corresponding real-valued ASK scheme. The parameter a = 6/(M − 1) is used in order to normalize the power of the complex-valued transmit signals to 1. Furthermore, we have assumed that the system is determined, i.e., N ≥ K. For analysis simplicity, using matrix notation, the K × 1 complex-valued received signal by the users of the ℓ-th cell is written as:
where α j = diag(α 1j α 2j . . . α Kj ), being α kj the downlink transmit power devoted by the j-th BS to its kth user, P j denotes the complex valued N ×K precoding matrix of the j-th BS, n ℓ ∼ CN (0, I K ) represents the AWGN vector with variance σ 2 n = 1 2 per dimension, which is observed at the K mobile terminals of the ℓ-th cell. Furthermore, the downlink SNR is defined as SNR DL = αkjβjkj log 2 M .
A. Matched Filter Beamforming
The most simple linear precoding technique is the matched filter beamforming, that simply premultiplies the transmit symbol vector by the conjugate transpose of the estimated small-scale fading matrix:
where
ℓKℓ ) G ℓ , and γ ℓ is a normalization factor to adjust the precoding matrix with the power constraints, such that γ ℓ = trace( H H ℓ H ℓ )/K for this technique.
B. Zero Forcing Beamforming
The zero forcing beamforming is another prominent linear precoding technique. It is given by the MoorePenrose pseudo inverse of the estimated small-scale fading channel matrix:
As shown in [11] , in a single-cell MIMO system, the signal received by the k-th user can be written as r k = xk √ γ + n k , evidencing that this technique totally supresses the intra-cell interference at the cost, however, of decreasing the received SNR, since γ ℓ = trace( H H ℓ H ℓ ) −1 /K for this scheme can assume high values for ill conditioned small-scale fading channel matrices. This effect is quite similar to the noise enhancement of its analogue zero forcing receiver, or decorrelator.
C. Regularized Zero Forcing Beamforming
Other efficient linear preacoding technique is the regularized zero forcing beamforming [21] :
in which ζ is a parameter of the technique that balances interference supression and SNR decrease. Note that RZF can be seen as a generalization of MF and ZF, since RZF reduces itself to these techniques for ζ = ∞ and ζ = 0, respectively. A suitable value for ζ is suggested in [11] as ζ = N 20 .
D. Minimum Mean Squared Error Beamforming
The minimum mean squared error beamforming can be seen as a special case of RZF, in which the parameter ζ is optimized under the objective of minimizing the mean squared error between information transmit symbol vector and the received signal estimated by BS in singlecell systems [22] .
As a result,
III. ULTIMATE LIMITS OF MASSIVE MIMO
Most of the existing theoretical results of Massive MIMO systems are built upon the assumption [6] , [11] , [14] : lim
This assumption is justified since as the number of base station antennas grows, the inner products between propagation vectors for different terminals grow at lesser rates than the inner products of propagation vectors with themselves. In this section, we analitically prove that this assumption is valid, by simply investigating the variance of this product with increasing N , and then applying this result to find the asymptotic SINR of the noncooperative multi-cell MIMO system with infinite number of BS antennas.
A. Asymptotic Orthogonality of Small-Scale Fading Matrices
Defining the matrix Q = 1 N HH H , we have that
In order to determine the variance of the elements in matrix Q, the following statistics should be evaluated:
Since q i,i is a real random variable, we have that
N , where var(·) is the variance operator. On the other hand, as q i,j , for i = j, is a complex random variable, we have that
B. Ultimate SINR With Infinite Number of BS Antennas
For the MF beamforming, from (2), (3), and (4), we have that the vector of signal received by users (downlink) at the ℓ-th cell (ℓ = 1, . . . , L) is:
It is demonstrated in [14] that the downlink SINR of the k-th user of the ℓ-th cell in this system converges in the limit of infinite N to:
where the asymptotic power normalization factors ν kj = L i=1 ρ ki β jki + 1 K . Note that this limit depends mainly on the large scale fading coefficients β jki , which are related to the spatial distribution of the users on the different cells. In addition, if one assumes power uniformly distributed between users in the same cell and the same power normalization factors ν kj as in [6] , equation (9) simplifies to:
IV. NUMERICAL RESULTS
We adopt in our simulations a multi-cell scenario with L = 4 hexagonal cells, with radius 1600m, where K = 4 users are uniformly distributed in its interior, except in a circle of 100m radius around the cell centered BS. A single realization of our spatial model is shown in Fig.  1 . Besides, we model the log normal shadowing with a standard deviation of 8dB, and the path loss decay exponent equal to 3.8. We simulated two main scenarios of interest from the BER performance metric: in the first, the number of users grows at the same rate as the number of BS antennas, i.e., N = K holds; while in the second, K remains fixed while N grows to infinity. Furthermore, in the simulations setup, we have considered unitary frequency-reuse factor, 4-QAM modulation and SNR DL = 10dB. It is important to note that results in this section were obtained via Monte-Carlo simulation method. Fig. 2 compares the BER performance for both scenarios in a single-cell systems with perfect CSI. It can be seen for the first scenario (N = K) that performance of MF and ZF transmitters stay unchanged with the system dimension increasing, while RZF and MMSE have their performance improved. On the other hand, in the second scenario (K fixed and N increasing), all the techniques' performances are improved, and one can see that MMSE and ZF fastly achieves very small error rates, while for RZF and MF, in this order, this occurs more slowly, meaning that the achieved diversity gain for the MFMuT MIMO system is quite modest. The same comparison is shown in Fig. 3 , but now for a multi-cell configuration, where inter-cell interference accounts, with perfect CSI. One can see that the considered Massive MIMO precoding techniques result in high bit error rates for the first scenario, that remain fixed with the system dimension increasing, except for ZF, that has its performance getting even worse for N = K growing substantially. For the second scenario, all the techniques improve their performances with increasing N ; an interesting result is that these performances nearly igualate themselves for N > 100, and that RZF surpasses MMSE in terms of BER performance, since the last technique does not account inter-cell interference in its derivation.
A. BER Performance under Perfect CSI

B. BER Performance under CSI Estimation Errors
When considering the multicell scenario but now with imperfect CSI, that is obtained by means of uplink training sequences transmitted with SNR UL = 10dB, but neglecting the pilot contamination effect, Fig. 4 shows the achieved BER performances. It can be seen that the behavior of the techniques for both scenarios is almost the same than for perfect CSI, as shown in Fig. 3 . Therefore, we can conclude that, when dealing with inter-cell interference, effect of uncorrelated noise in the estimated channel little degrades the system performance. The main result of this paper can be seen when comparing Fig. 4 with Fig. 5 , that shows the performance of the two scenarios in the complete system model, including pilot contamination. While for the first scenario the same behavior of the BER performances is found, but with even higher error levels, one can see for the second scenario that, when taking pilot contamination into account, the BER performance of the considered precoding techniques saturates with N → ∞ (BER floor effect), in contrast to Fig. 4 .b. Indeed, one could already expect this result, since errors are induced by noise, intra-cell interference, as well as by inter-cell interference, which can be compared with the desired signal power by means of the SINR. It was already shown in previous works [6] and [14] that noise and intra-cell interference are averaged out in the MIMO system with very large number of BS antennas, being the inter-cell interference the only remaining impairment, due to pilot contamination. This phenomenom leads to the saturation of the SINR, and, as shown herein, BER performance as well. Besides, the different BER levels between ZF, RZF, MMSE compared to MF can be justified, as explained in [11] and [18] , since the first techniques converge to its asymptotic limits with fewer BS antennas than the last one, although these limits are usually close. 
V. CONCLUSION
In this work we have demonstrated that the breakthrough results of Massive MIMO systems downlink can also be found from the bit-error-rate performance perspective. Two scenarios of great interest have been numerically analysed: when the number of users grows in the same rate as the number of BS antennas, and when the number of BS antennas grows keeping fixed the number of users covered in each cell. We found that the first scenario is unable to operate with acceptable performance in multi-cellular systems when considering the linear precoding techniques investigated herein. On the other hand, it was found that the performance of the linear precoding techniques evaluated in the second scenario could be made as good as is wanted, by scaling up the number of BS antennas, if the effect of pilot contamination has not been taken into account. This effect saturates the achievable SINR in the asymptotic limit of BS antennas N → ∞, as shown in previous works, and consequently the BER performance becomes saturated as well. Furthermore, we proved a widely used assumption that the product of the small-scale fading channel matrix with its conjugate transpose tends to a scaled identity matrix as N → ∞, and found a closed form expression for the variance of this product. This last result is quite useful, since one can determine with which reliability the assumption is true according the number of antennas deployed in the BS.
